We examine the homotopy theory of simplicial graded abelian Hopf algebras over a prime eld F p , p > 0, proving that two very di erent notions of weak equivalence yield the same homotopy category. We then prove a splitting result for the Postnikov tower of such simplicial Hopf algebras. As an application, we show how to recover the homotopy groups of a simplicial Hopf algebra from its Andr e-Quillen homology, which, in turn, can be easily computed from the homotopy groups of the associated simplicial Dieudonn e module. This paper is divided into two parts. The rst and larger part, is also the more abstract; in it we undertake a thorough examination of the homotopy theory of simplicial graded abelian Hopf algebras over F p , p > 0. The second part is a calculational application, relying heavily on the rst part and intended partly to demonstrate that the homotopy theory of simplicial Hopf algebras deserves consideration. In this second part we show that the homotopy groups of a simplicial abelian Hopf algebra support a very rich and rigid structure. This has implications for the cohomology spectral sequence of a variety of cosimplicial spaces. (See, for example, the work of the second author 20], or Dwyer's spectral sequence as explained in 2, x4].)
This paper is divided into two parts. The rst and larger part, is also the more abstract; in it we undertake a thorough examination of the homotopy theory of simplicial graded abelian Hopf algebras over F p , p > 0. The second part is a calculational application, relying heavily on the rst part and intended partly to demonstrate that the homotopy theory of simplicial Hopf algebras deserves consideration. In this second part we show that the homotopy groups of a simplicial abelian Hopf algebra support a very rich and rigid structure. This has implications for the cohomology spectral sequence of a variety of cosimplicial spaces. (See, for example, the work of the second author 20], or Dwyer's spectral sequence as explained in 2, x4].)
To explain our results in more detail, x a prime p, and let HA be the category of graded, bicommutative Hopf algebras A over F p which are connected in the sense that A 0 = F p . The objects in HA are the abelian objects in the category CA of graded connected coalgebras over F p ; hence, we call an object in HA an abelian Hopf algebra. Let sHA be the category of simplicial objects in HA. If f : A ! B is a morphism in sHA there are two obvious ways to specify when f is a weak equivalence. On the one hand, if A 2 sHA, it is, among other things, a graded abelian group and, as such, has graded homotopy groups A = H (A; @), where @ = ( 1) i d i : A n ! A n 1 :
We could demand that f be a weak equivalence if f is an isomorphism. On the other hand, HA is an abelian category with enough projectives, so sHA acquires a notion of weak 1 The rst author was supported by the National Science Foundation equivalence from 14 is an isomorphism. Remember that we are working with graded, connected Hopf algebras. We actually prove much more than Theorem A. We will show that sHA has two closed model category structures with respectively, the two speci ed notions of weak equivalence and that, furthermore, the two resulting homotopy categories are equivalent. The reader will deduce that our methods are very model theoretic.
Our second main result is a decomposition theorem for Postnikov towers in sHA. If A 2 sHA, then A has a Moore-Postnikov tower fA(n)g n 0 . The details are spelled out in section 5, but one can obtain this tower by taking the Moore-Postnikov tower of the associated Dieudonn e module, regarded as a graded simplicial set, and then noticing that de nes a tower of Hopf algebras. Let F(n) be the ber at stage n, de ned by the pull-back It is well-known (and an observation due to Moore) that if A is a simplicial abelian group, then A(n) is non-canonically the product of A(n 1) and F(n). This is essentially because the category of abelian groups has projective dimension 1. The category HA has projective dimension 2, so no such splitting occurs in HA. However, we have the following. (See Theorem 7.1.) Note that tensor product is the product in HA.
Theorem B. Let A 2 sHA and suppose 0 A = F p . Then there is a weak equivalence of simplicial algebras between A(n) and F(n) A(n 1).
In other words, the Postnikov tower for such A splits as algebras, even though it may not split as Hopf algebras. The splitting is not canonical and depends on a choice of nullhomotopy of a k-invariant. These invariants are explained in section 6, and the existence of the null-homotopy depends on Theorem A and some remarks on the homological algebra of Dieudonn e modules from section 4. We claim that Theorem B has strong implications for the homotopy groups A with A 2 sHA. We now x p = 2. Because A 2 sHA is a simplicial algebra, A is a D-algebra in the sense of 7] and 19]; in particular there are operations i : n A ! n+i A, 2 i n, doubling internal degrees and satisfying Cartan-and Adem-style relations. (See section 8.) Also A is a simplicial coalgebra, so A is an unstable coalgebra over the Steenrod algebra.
Here the Steenrod algebra is expanded in the sense that Sq 0 6 = 1; indeed, the action of Sq 0 on A is induced by the Verschiebung on A. These two structures are not unrelated and both interact with the Hopf algebra structure. In particular, A is an unstable Hopf algebra over the Steenrod algebra. The details are spelled out in 19] and recapitulated in section 8. The resulting object is a Hopf D-algebra. For the investigation of A, we note that we may assume that 0 A = F p . For if A + is the kernel, in sHA, of the natural map A ! 0 A, then 0 A + = F p and there is a natural isomorphism A = A + 0 A.
The rst result concerns the D-algebra structure of A. If is any D-algebra, the indecomposables Q are a module over the operations i above and we write F 2 Q for the quotient of Q by these operations. The augmentation ideal functor on D-algebras to bigraded vector spaces has a left adjoint S D ; we say B is free as a D-algebra if B = S D (V ) for some V . Note that in this case F The second author would like to thank Matthew Ando for several useful conversations about Dieudonn e modules and the University of Virginia for hospitality during the period this work was carried out.
Preliminaries on closed model category structures.
Our main structure result for simplicial abelian Hopf algebras uses homotopy theoretic techniques in an integral way. The purpose of this section is to spell out the necessary closed model category structures on simplicial algebras and simplicial abelian Hopf algebras. We assume familiarity with simplicial model categories as put forth in 14, Part II], 8], and many other sources.
Fix a prime eld F p and let A be the category of F p -algebras. Here and throughout this paper, the algebras (and coalgebras and Hopf algebras) we consider will be graded and connected { that is, isomorphic to F p in degree zero.
The category sA of simplicial algebras over F p is a simplicial category in the sense of 2) The forgetful functor sHA ! sA preserves co brations and weak equivalences.
This functor has a right adjoint S (by the special adjoint functor theorem, if nothing else) and S preserves brations and weak equivalences among brant objects, by formal arguments. Since every object of sA is brant, S preserves all weak equivalences.
We close this section with a short discussion of push-outs, homotopy push-outs and the like.
First consider the category sA, and a push-out square If the morphism j 2 is not a co bration in 1.7, then we de ne the homotopy push-out of A 1 j 1 A j 2 !X 2 as follows: factor j 2 as A ! Z ! X 2 , where the rst map is a co bration and the second a weak equivalence and set the homotopy push-out to be X 1 A Z. There is a spectral sequence Tor A ( X 1 ; X 2 ) ) (X 1 A Z) and the homotopy push-out is independent of the choices up to weak equivalence. We will say that (1.7) is a homotopy push-out diagram if the induced map X 1 A Z ! X 1 A X 2 = Y is a weak equivalence. Now suppose (1.7) is a push-out diagram in sHA. One could also form the homotopy push-out of X 1 A ! X 2 in sHA by appropriately factoring j 2 in sHA; however, since, by Propositions 1.4 and 1.5, every co bration and weak equivalence in sHA is also such in sA, the result will be weakly equivalent to the homotopy push-out in sA. However, the point of the next result is that one need not resort to co brations in sHA. Filtering by degree in p gives a spectral sequence with E p;q 2 = Tor A p ( X 1 ; X 2 ) q :
Filtering by degree in q gives a spectral sequence with
Since A q ! (X 2 ) q is an inclusion of Hopf algebras, (X 2 ) q is a projective A q module, so E p;q 1 = 0 if p > 0 and E 0; 2 = (X 1 A X 2 ). Thus we have the spectral sequence. It is exactly this method which yields spectral sequence of 1.8, so a spectral sequence comparison argument implies Y is weakly equivalent to a homotopy push-out.
A specialization of these ideas is the notion of a co bration sequence. 
Dieudonn e Theory
The category HA is an abelian category with a set of small projective generators and, as such, is equivalent to a category of modules. Schoeller's Theorem describes that category. We recapitulate that result here and use it to elaborate the homotopy theory of sHA. Let F p be our xed eld of characteristic p and let Z p be the p-adic integers. We de ne the Dieudonn e ring on F p to be the ring R by quotient of the polynomial ring
Note that R may be graded by requiring deg ( The functor D is easily described. Write n = p s n 0 with (n 0 ; p) = 1. 
Let J(n) Hom Z p (R; Z p 1) be the largest sub-R module which is a Dieudonn e module.
Thus J(n) is the sub-module of homomorphisms : R i ! Z=p 1 so that
Hom D (M; J(n)) = Hom Z p (M n ; Z=p 1 ); so J(n) is injective. If (n) is the (unique up to isomorphism) Hopf algebra so that 2) a bration if NA n ! NB n is surjective for n 1; and 3) a co bration if A n ! B n is injective for all n and the cokernel of A n ! B n is projective in D for all n.
Proof: See 14, II.4]
Note that 3) could easily be rephrased to say NA n ! NB n is injective for all n, and cokerfNA n ! NB n g is projective in D for all n.
We 
Homological algebra of Dieudonn e modules
The other piece of information necessary for our splitting result is a vanishing criterion for certain Ext groups of Hopf algebras. This will be accomplished through the medium of Dieudonn e modules.
We begin with indecomposables and primitives for Dieudonn e modules. 4
. The total derived functors of indecomposables and primitives
This section extends the homological algebra of the previous section to the category sD. The total derived functors of indecomposables can be identi ed with Andr e-Quillen homology. This will be done in the next section.
De ne the total left derived functor LQ of the functor Q on sD be the formula 
Here we used that is exact and N = M. There is a corresponding notion of total right derived functors of primitives, muddled by the fact that the functor P on sD does not preserve weak equivalences among brant objects|or, put another way, the model category structure we have chosen on sD is built from projectives and thus is not well adapted to studying right derived functors. There are several ways out of this di culty, including a closed model category structure on sD built from injectives, but the following is quick. We can now prove the following technical lemma, which is crucial for our splitting result. Let S : A ! HA be right adjoint to the forgetful functor. The homomorphism V : D n H ! D n=p H is induced by the inclusion H(n=p) ! H(n). The claim is that this map is a co bration of constant Hopf algebras in sHA. We prove this after completing our proof.
Assuming this fact, one has a co bration sequence in sHA The vertical maps are onto, and the top is a co bration. We show the bottom map is a retract of the top. Since H(n) is a projective, we choose a splitting : H(n) ! S(H(n)) of S(H(n)) ! H(n). Since S(H(n=p)) k = S(H(n)) k in degrees k n=p, and all the generators of H(n=p) are in degrees k n=p, the splitting restricts to a splitting of S(H(n=p)) ! H(n=p). 
Postnikov Towers and the equivalence of homotopy theories
Before stating and proving the main result on the decomposition of Postnikov towers of simplicial Hopf algebras, we give a description of what the Postnikov tower is for a general abelian category with enough projectives. We also prove one of our main results, namely, Ho(sHA) = Ho(sD).
Let C be an abelian category with enough projectives and let X 2 sC. De ne the n th Postnikov section of X as follows: for xed k, let I n;k ! X k be the kernel of the map
where runs over all injections in the ordinal number category with m n and d is induced by the maps : X k ! X n . De ne
Notice that there is a quotient map in sC from X ! X(n) and that if k n, X(n) k = X k .
There are also quotient maps
q n : X(n) ! X(n 1) and X = lim X(n). Let F(n) be the ber of q n , de ned by the pull-back diagram Thus NX k I n;k . If k = n + 1, then NX n+1 \ I n;n+1 = Z n+1 X, and the result follows.
As an immediate consequence we have Lemma 5.5 . The normalization NF(n) of the ber of X(n) ! X(n 1) is ! 0 ! B n X ! Z n X ! 0 ! ! 0 concentrated in degrees n + 1 and n. Furthermore k F(n) = n X k = n 0 k 6 = n Note that the projection map Z n X ! n X de nes a canonical weak equivalence (5:6) F(n) ' !K( n X; n) = W n n X:
A word on notation is in order here. If C is any abelian category, then there is a functor W : sC ! sC characterized by the equation (N W X) n = (NX) n 1 where NX 1 = 0. It is this de nition of W which is used in equation (5.6). The functor W is a model for suspension in sC. This functor W is di erent than the functor W de ned on simplicial algebras at the end of section 1. But it is not that di erent: they are both models for suspension, and if A is a simplicial abelian Hopf algebra, the two notions of W agree. Since both meanings are ingrained in the literature we will persist.
We now prove that D : sHA ! sD induces an equivalence of homotopy category. We will, in fact prove more|we will show A ! B in sHA is a weak equivalence in sHA if and only if D A ! D B is a weak equivalence in sD. We will also relate Andr e-Quillen homology of A 2 sHA to the total derived object LQD A. The proofs go by a sequence of lemmas. But we proved in 3.2.1 that QD X = QX.
The following result, which is crucial to our enterprise, uses the fact that we are working with graded connected objects in a crucial way { the last sentence of the proof is false without this assumption. Since every weak equivalence in sHA can be factored as a trivial co bration followed by a trivial bration, the result follows from Lemma 5.7. We can use these results to make a simple application to homotopy pull-backs in sHA.
If X 1 ! A X 2 is a diagram in sHA, the homotopy pull-back is de ned in the same manner as the homotopy push-out: factor X 2 ! A as X 
On k-invariants and looped k-invariants
In the last section we introduced the Postnikov tower of a simplicial Hopf algebra. In this section, we give a short description of how k-invariants behave. Although we will use the looped k-invariant for our splitting result, we begin with the k-invariant, as it is more familiar and because we can use it to emphasize some of the subtleties.
Let C be an abelian category, X 2 sC, and fX(n)g n 0 the Postnikov tower of X. Let F(n) be the ber of X(n) ! X(n 1).
For all Z 2 sC, choose a natural inclusion Z ! CZ so that the projection map CZ ! 0 induces a chain equivalence NCZ ! 0. De ne the object BF(n) and the k-invariant by the push-out diagram
This is also a pull-back diagram, since q is surjective and a homotopy pull-back diagram.
The connection with what is normally known as a k-invariant is supplied by the following. An examination of these Meyer-Vietoris sequences shows F(n) ! BF(n) is a weak equivalence. But WF(n) is a model for F(n) and there is a weak equivalence WF(n) ! WK( n X; n) = K( n X; n + 1), by 5.6. Remark 6.3: Because (6.1) is a homotopy pull-back diagram, the weak homotopy type of X(n) depends only on the class of k n in X(n 1); BF(n)] sC . This follows from a standard argument, recapitulated in some detail (in a dual situation) in the proof of one of our results. See 7.3. Now there is a spectral sequence (cf. 7.4 below)
Ext p C ( q X(n 1); n X) ) (n+1) (p+q) X(n 1); BF(n)] sC :
So if C has projective dimension 1, X(n 1); BF(n)] sC = 0 and there is a weak homotopy
This happens when C is the category of abelian groups. If C = HA, then X(n 1); BF(n)] = Ext 2 sHA ( n 1 X; n X) and this group need not be zero. So X(n 1) ! X(n) need not split as Hopf algebras. We now de ne the looped k-invariant. For all Z 2 sCA, choose an object Z and a natural map Z ! Z so that 0 ! Z is a weak equivalence. Thus Z is a model for the path space on Z. If Z is simplicially connected in the sense that Z 0 = 0 or, more generally, if 0 Z = 0, we may take Z ! Z to be a surjection. De ne Y (n 1) and the looped k-invariant k n by the pull-back diagram
Note that Y (n 1) ! X(n) is an injection, since F(n) ! X(n) is an injection. If X(n) is simplicially connected, X(n) ! X(n) is a surjection, so this is a push-out diagram and a homotopy push-out diagram.
The following result says that Y (n 1) is a model for the loops on X(n 1).
Lemma 6.5. Suppose X is simplicially connected. Then each X(n) is connected and there is a natural weak equivalence WY (n 1) ' X(n 1).
Proof: That each X(n) is simplicially connected is clear. Also, 6.4 is now also a push-out diagram, so the cokernel of Y (n 1) ! X(n) is isomorphic to the cokernel of F(n) ! X(n), which is X(n 1). But X(n) ' 0 and Y (n 1) ! X(n) is an inclusion, so the cokernel is a model for Y (n 1) ' WY (n 1). Remark 6.6: Under the isomorphism Y (n 1); F(n)] sCA = X(n 1); BF(n)] sCA supplied by Lemmas 6.2 and 6.5, the class of k n is identi ed with the class of k n . We won't need this fact so we won't supply more details. But it explains our notation.
The splitting results
We will say a simplicial Hopf algebra X is simplicially connected if X 0 = F p . Let X be a simplicial abelian Hopf algebra and let fX(n)g be the Postnikov tower for X. Then each of the sequences, n 1,
is a homotopy co bration sequence. The point of this section is to prove Theorem 7.1. Suppose X is simplicially connected. Then this homotopy co bration sequence is split in the category of simplicial algebras; that is, for all n 1, there is an isomorphism in the homotopy category of simplicial algebras X(n 1) F(n) ! X(n) that ts into a homotopy commutative diagram of co bration sequences of simplicial algebras.
There is a further decomposition of the ber F(n) which we will present at the end of the section. We also discuss how to weaken the simplicially connected hypothesis in Lemma 8.3. 
where X(n) is a model for a contractible cover for X(n). Since X is simpliciall connected, this is also a push-out diagram. Note that, for the same reason, we have that
Now if k n was actually the constant map, the universal property of push-outs would demonstrate that there was one isomorphism X(n) = F(n) X(n 1):
The idea, then, is to deform k n to the constant map and claim that the resulting pushout weakly equivalent to X(n). Since Y (n 1) may not be co brant, this essentially straightforward argument requires a little care. w X(n) w X(n 1):
All the vertical maps are weak equivalences and all the horizontal sequences are homotopy co bration sequences. We now start to work on Proposition 7.2. We begin with a standard lemma. The claim is that is an isomorphism for t q n. Thus at once supplies the inductive step for 7. 
Since F(n) q = F p for q < n, S F(n) q = F p for q < n; therefore, Lemma 5. Note that the tensor product makes sense since F(q) k = F p if k < q. Also, by (6.5) 8. The homotopy of simplicial abelian Hopf algebras: the D-algebra structure
In this section and the next, we give our major application: the calculation of A as a functor of H Q A, for A 2 sHA. We work only at the prime 2, as this simpli es the presentation considerably. Let A be a simplicial abelian Hopf algebra over F 2 . Then A comes equipped with a great deal of structure. The totality of that structure makes A into what is known as a Hopf D-algebra 1 19] . We now give a brief review.
To begin with, A is a bigraded abelian Hopf algebra. Also, since A is a simplicial cocommutative coalgebra, A is an unstable coalgebra over the Steenrod algebra. Thus there are operations on the right ( )Sq i : n A ! n i A which halve the internal degree and are subject to the usual instability, Cartan, and Adem formulas. In particular, Sq i = 0 if 2i > n, Sq n=2 is the Verschiebung of the Hopf algebra A and Sq 0 is induced from the Verschiebung of the Hopf algebra A n . Note that Sq 0 6 = 1. Also, since the simplicial algebra multiplication A A ! A is a morphism of simplicial cocommutative coalgebras, the algebra multiplication A A ! A is a morphism of unstable coalgebras over the Steenrod operations; that is, the multiplicative Cartan formula holds. We say A is an unstable Hopf algebra over the Steenrod algebra.
Next, since A is a simplicial commutative algebra, A supports higher divided power operations { operations that go back to work of Cartan and are studied in detail in 3] and 7]: i ( ) : n A ! n+i A; 2 i n doubling internal degree and de ned only for 2 i n. The following formulas hold: 8.1.1): i is a homomorphism for 2 i < n and n = 2 , the divided square, so n (x+y) = n x + n y + xy; 8. A bigraded algebra equipped with operations i satisfying 8. 
The sequence is split, but not naturally. W q H(n) = S D ( q QH(n))
by (8.5) . Here q QH(n) means QH(n) = q W q H(n). Let i n 2 QH(n) n be the top class. Then the assignment x 7 ! f x (i n ) de nes a homomorphism q D n A ! ( q A) n . We need only show there is a natural isomorphism But both rows are uniquely split as D-algebras, as C(F(n)) = F 2 in degrees less than n+1 and the generators on C(A(n 1)) as a D-algebra all lie in degrees less than n + 1. Thus the result follows from the next lemma. The result now follows from the naturality clause of Corollary 7.10. 2) One consequence of Proposition 8.6 is that the Quillen spectral sequence for A collapses. Assuming A is co brant, one lters A by powers of the augmentation ideal (cf. the proof of 7.9) and gets a spectral sequence S(QA) ) A:
Assuming A is simplicially connected, one uses 8.5 to get Note that the non-naturality of the splitting in Proposition 8.6 is absorbed in the ltration of the spectral sequence.
3) The previous remark and Proposition 8.6 immediately imply Theorem C of the introduction.
Fix A 2 sHA and suppose that A is simplicially connected. Then formula 8. The claim is that this A(0) action on H Q A is the same as that considered above in 8.12. The proof is by the method of universal examples. Let (x k ) be the divided power algebra on a single primitive generator of degree k. we need only show they agree on H Q W n (x k ) for all n and k 1. This is a calculation, and we omit it. It is similar, but far easier, than the similar calculation given in 12]. x6.
